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I. INTRODUCTION

The Cone Metric space is ageneralization of metric spaces. The notion of cone metric space is initiated by
Huang and Zhang [1] and also they discussed some properties of the convergence of sequences and proved the fixed
point theorems of a contraction mapping in cone metric spaces.Many authors have studied the existence and uniqueness
of fixed points for single valued mappings and multivalued mappings in metric spaces. In this paper we discuss
existence and unique fixed point in complete normal cone metric spaces, which are the generalization of some existing
theorems.

DEFINITION 1.1: A subset P of E is called a cone if and only if

1. Pisclosed, nonemptyand P = 0
2. ax + by € P for all x,y € P and nonnegative real numbers a, b
3. PnpP-={0}

Given a cone P c E, we define a partial ordering < with respect to P by x < y if and only ify — x € P. We will write
x < y to indicate that x < y butx # y, while x, y will stand fory — x € intP, where intP denotes the interior of P. The
cone P is called normal if there is a number K > O such that0 < x < y implies | x | < K || y |l for allx,y € E. The
least positive number satisfying the above is called the normal constant. The cone P is called regular if every increasing
sequence which is bounded from above is convergent. That is, if {x,,} is sequence such that x; <
X, < - < xp, ... <y for somey € E| then there is x € E such that || x,, — x ll- Oas n — 0. Equivalently the cone P is
regular if and only if every decreasing sequence which is bounded from below is convergent. It is well known that a
regular cone is a normal cone. Suppose E is a Banach space, P is a cone in E with intP # 0 and < is partial ordering
with respect to P.

EXAMPLE:Let K > 1 be given. Consider the real vector space with
1
E ={ax+b:a,b ER;x € [1_E'1]}

With supremum norm and the coneP = {ax + b:a = 0,b < 0}in E. The cone P is regular and so normal.
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DEFINITION 1.2: Suppose that E is a real Banach space, then P is a cone in E with intp # @, and < is partial
ordering with respect to P. Let X be a nonempty set, a function d: X < X — E is called a cone metric on X if it satisfies
the following conditions with

1. d(x,y)=0,andd(x,y) =0ifandonlyif x = yvx,y € X

2. dx,y)=d@y,x),vx,yeX

3. d(x,y) <d(x,z)+d(z,v),Vx,y,z€X

Then (X, d) is called a cone metric space (CMS)
EXAMPLE:Let=R?, P ={(x,y):x,y = 0} X = Randd: X x X — E such that

d(x,y) = (Ix = yl, alx,y])
Where @ = 0 is a constant. Then (X, d) is a cone metric space.

DEFINITION 1.3: Let (X,d) be a CMS and {x,,},,-o be a sequence in X. Then {x,,},,>o converges to x in X whenever
for every ¢ € Ewith 0 < ¢, there is a natural number N € N such that d(x,,x) < ¢ for all n = N. It is denoted by
lim,_ x, = xo0rx, - x.

DEFINITION 1.4: Let (X,d) be a CMS and {x, },,-0 be a sequence in X. Then {x, },-, is @ cauchy sequence
whenever for every ¢ € Ewith O «< c, there is a natural number N € N such that d(x,,x,,) < c for alln,m > N.

LEMMA 1.5: Let (X, d) be a cone metric space, P is a normal cone with normal constant K. Let{x,,} be a sequence in
X. If {x,,} converges to x and {x,,} converges to y, then x = y.

That is the limit of {x,,} is unique.

DEFINITION 1.6: Let (X, d) be a cone metric space, if every Cauchy sequence is convergent in X, then X is called a
complete cone metric space.

LEMMA 1.7: Let (X, d) be a cone metric space, P be a normal cone with normal constant K. Let {x, } be a sequence in
X. Then {x,,} is a Cauchy sequence if and only if d(x,,x,,) > 0, n,m - o,

1. MAIN RESULT

THEOREM 2.1: Let (X,d) be a complete cone metric space and P be a normal cone with constant K . Suppose the
mapping T : X — X satisfies the following conditions:

d(Tx,Ty) < (—d(y, Ty)]d(x, Tx)) + ]

For all x,y € X,wherel] = d(x,Tx)d(x,y)& ] =d(x,Tx) +d(y,Ty)+1, J = 1,1 > 1. Then

Q) T has unique fixed point inX.
(i) T™x'Converges to a fixed point, for allx’ € X.

Proof: (i) Let x, € X be arbitrary and choose a sequence {x,,} such that x,,,; = Tx,,.
d(xn+1rxn) = d(Txanxn—l)
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+ ]

n

Xn— 11x ) In
d(xn 1’x ))d(xnrxn—l)

IA

(d(xn 11Txn 1)+d(xnrxn 1))

Take

_ d(xn—lrxn) In
An B ( ]n " d(xn—lrxn))

We have
d(xn+1rxn) < And(xnrxn—l)
S (Anln—l)d(xn—lrxn—z)

< adnoq - A4)d(xq,%).

Observe that (1,,) is non increasing, with positive terms. So, 4, ... 4, < AfandA} — 0.
It follows thatlim,,_,, 4,4, ... 4, = 0.

Thus, it is verified that, lim d(x,,,1,x,,) =0
n—-oo

Now for all m,n € N and m > n we have
d(xmrxn) < d(xnrxn+1) + d(xn+1rxn+2) + et d(xm—lrxm)
< [(/1{1/1n—1 v A) + (pgrdy o Ag) + o+ (A1 Az 0 A)1d (31, X0)
m—
= Z (Adge—1 -+ A1) d (xq, x0)
m—1

1G5 1l S KLY Gy - A ey, %)

=
I dCe )1l S K ) Gidecs - Al Ay, %) |
k=n

m—1
l dCen )< K D ay lldGes, 2o
k=n

Where a;, = (4 Ag_1 ... A1) and K is normal constant of P.
Now lim,_,, Z“ < landX ., ay is finite, andX 7 (A Adg—q .. 4;) = 0,asm,n - 0.

Hence {a,} is convergent by D’ Alembert’s ratio test, Therefore {x,,} is a Cauchy sequence. There is x" € X such that
X, = x'asn - oo,
d(Tx',x") <d(Tx', Tx,) +d(Tx,,x")
dlx’', Tx")d(x,,x'
< ( ( ]) (o )+In> +d(Tx,,x")
n
< (d(x', Tx")d(x,,x") N I,
Jn d(x,,x")

)d(xnrxl) +d(Xp41,X")

d(Tx',x") < 0asn — oo
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Therefore]| d(x’, Tx") || = 0. Thus, x’ is a fixed point of T.

UNIQUENESS
Suppose x' and y'are two fixed points of T.

dx',y") = d(Tx",Ty")
d(x', Tx") I )
< + d(x',y’) <0
Jawyy) Y
Therefore || d(x’,y") || = 0. Thus x" = y'.Hence x’ is an unique fixed point of T.

(ii)Now
d(T"x' x") =d(T" Y (Tx'"),x") =d(T™x',x") =d(T"?(Tx"),x') ... =d(Tx',x") =0
Hence T™x' converges to a fixed point, for all x" € X.

COROLLARY 2.2: Let (X, d) be a complete cone metric space and P be a normal cone with normal constant K.
suppose the mapping T: X — X satisfies the following conditions:
d(y, T
O, )d(x, )
J d(x,y)
For allx,y € X. Where I] = d(x,Tx)d(x,y)& J = d(x,Tx) + d(y,Ty) + 1. Then
(1 T has unique fixed point in X.
(i) T™x'Converges to a fixed point, for allx’ € X.

d(Tx,Ty) < (

Proof: The proof of the corollary immediate by taking [ = 1 in the above theorem.

THEOREM 2.3: Let (X, d) be a complete metric space and let T be a mapping from X into itself. Suppose that T
satisfies the following condition:
d(y, Ty)d(x,y)>

d(Tx,Ty) < ( 7
For allx,y € X, where ] = d(x,Tx) + d(y,Ty)+ [,1 = 1. Then
Q) T has unique fixed point in X.

(i) T™x'Converges to a fixed point, for allx’ € X.

Proof: (i) Let x" € X be arbitrary and choose a sequence {x,,} such thatx,,,; = Tx,,.
We have
d(xn+1rxn) = d(Txnr Txn—l)

< —d(""‘}’ Tx"‘l))d(xn,xn_l)
S (M)d(xnrxn—l)
Take "
d(xn—lrxn)>
A, =———],
=
We have

d(xnrxn+1) < And(xn—lrxn)
< (Anln—l)d(xn—lrxn—z)

< (AnAn—q - A1)d (x4, x0).
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Observe that {1,,} is non increasing, with positive terms. So4, ... 4, < 4,"and1,™ - 0.
It follows thatlim,,_,, (1,4, ... 4,) = 0.
Thus, it is verified thatlim d(x,,,,,x,) =0
n—oo
Now for all m,n € N we have

d(xmrxn) < d(xnrxn+1) + d(xn+1rxn+2) + e+ d(xm—lrxm)
< [(’Eq’lnq v A) + (pgrdy o Ag) + o+ (Ao Az - A4)1d (31, X0)
e

= (g Age—q - A1)d (x4, %)

=n

m-—1

G ] < K D Gy A ey, x0)
k=n
m

-1
Gl S K Y a ey, %)
k=n

Ak+
ax

Where a;, = A, A,_; ... ;,and K is normal constant of P. Now lim,_,,, = < landX.y., a, is finite,

andX P (A dg—q .. A1) = 0, asm,n — oo,
Hence {a,} is convergent by D’ Alembert’s ratio test, Therefore {x,,} is a Cauchy sequence. There is x’ € X such
thatx,, — x'.
d(Tx',x") <d(Tx',Tx,) +d(Tx,,x")
d(x,, Tx
< (#) d(x,, x") +d(Tx,,x")
n
< (d(xnrxn+1)
Jn
d(Tx',x") < 0asn — oo
Therefore|| d(x’, Tx') || = 0. ThusTx' = x'.

)d(xnrxl) +d(Xp4q,X")

UNIQUENESS
Suppose x" and y" are two fixed points of T.
d(x',y") =d(Tx', Ty")

<

< <0

(d(y’,Ty’)d(x’,y’)>
/
Therefore|| d(x’, y") || = 0. Thusx’ = y’.

Hence x' is an unique fixed point of T.

(ii) Now

d(T™x' x") =d(T Y (Tx"),x") =d(T™x',x") = d(T"?(Tx"),x') ... =d(Tx',x') =0
Hence T™x' converges to a fixed point, for allx’ € X.

COROLLARY 2.4: Let (X,d) be a complete metric space and let T be a mapping from X into itself. Suppose that T
satisfies the following condition:

d(y, Ty)d(x,
d(Tx,Ty) < (—(y y]) (x y))
For allx,y € X, where ] = d(x,Tx) + d(y,Ty)+[,1 = 1. Then
Q) T has unique fixed point in X.

(i) T™x' Converges to a fixed point, for allx" € X.

Proof:The proof of the corollary immediate by taking [ = 1 in the above theorem.
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111. CONCLUSION

We have proved some fixed point theorems of contraction functions in complete cone metric spaces. The presented
results generalization of some existing results.
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