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ABSTRACT:In this paper we established some fixed point theorems of contractions functions in complete cone  
metric spaces. 
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I. INTRODUCTION 
 

The Cone Metric space is ageneralization of metric spaces. The notion of cone metric space is initiated by 
Huang and Zhang [1] and also they discussed some properties of the convergence of sequences and proved the fixed 
point theorems of a contraction mapping in cone metric spaces.Many authors have studied the existence and uniqueness 
of fixed points for single valued mappings and multivalued mappings in metric spaces. In this paper we discuss 
existence and unique fixed point in complete normal cone metric spaces, which are the generalization of some existing 
theorems. 

 
DEFINITION 1.1: A subset ܲ of ܧ is called a cone if and only if 
 

1. ܲ is closed, nonempty and ܲ ≠ 0 
ݔܽ .2 + ݕܾ ∈ ܲ for all ݕ,ݔ ∈ ܲ and nonnegative real numbers ܽ, ܾ 
3. ܲ ∩ ܲି = {0}. 

Given a cone		ܲ ⊂ ݔ we define a partial ordering ≤ with respect to ܲ by ,ܧ ≤ ݕif and only if ݕ − ݔ ∈ ܲ. We will write 
ݔ < ݔ to indicate that ݕ ≤ ݔbut ݕ ≠ ݕwill stand for ݕ,ݔ while ,ݕ − ݔ ∈  denotes the interior of ܲ. The ܲݐ݊݅ where ,ܲݐ݊݅
cone ܲ is called normal if there is a number ܭ > 0 such that 0 ≤ ݔ ≤ ∥ implies ݕ ݔ ∥	≤ ܭ ∥ ݕ ∥ for allݔ, ݕ ∈  The .ܧ
least positive number satisfying the above is called the normal constant. The cone ܲ is called regular if every increasing 
sequence which is bounded from above is convergent. That is, if {ݔ} is sequence such that                                    ݔଵ ≤
ଶݔ ≤ ⋯ ≤ ݔ … ≤ ݕfor some ݕ ∈ ݔ then there is ,ܧ ∈ ∥ such that ܧ ݔ − ݔ ∥→ 0as ݊ → 0. Equivalently the cone ܲ is 
regular if and only if every decreasing sequence which is bounded from below is convergent. It is well known that a 
regular cone is a normal cone. Suppose ܧ is a Banach space, ܲ is a cone in E with ݅݊ܲݐ ≠ 0 and ≤ is partial ordering 
with respect to ܲ.  
 
EXAMPLE:Let ܭ > 1 be given. Consider the real vector space with  
 

ܧ = ൜ܽݔ + ܾ:ܽ, ܾ ∈ ℝ; ݔ ∈ 1−
1
݇ , 1൨ൠ 

 
With supremum norm and the coneܲ = ݔܽ} + ܾ:ܽ ≥ 0, ܾ ≤ 0}in ܧ. The cone ܲ is regular and so normal. 
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DEFINITION 1.2: Suppose that ܧ is a real Banach space, then ܲ is a cone in ܧ		with		݅݊ݐ ≠ ∅, and ≤ is partial 
ordering with respect to ܲ. Let ܺ be a nonempty set, a function ݀:ܺ × ܺ →  is called a cone metric on ܺ if it satisfies ܧ
the following conditions with  

,ݔ)݀ .1 (ݕ ≥ 0, and ݀(ݔ, (ݕ = 0 if and only if ݔ = ݕ,ݔ∀ݕ ∈ ܺ 
,ݔ)݀ .2 (ݕ = ,ݕ)݀ ,ݔ∀,(ݔ ݕ ∈ ܺ 
,ݔ)݀ .3 (ݕ ≤ ,ݔ)݀ (ݖ + ,ݖ)݀ ,ݔ∀,(ݕ ,ݕ ݖ ∈ ܺ 

Then (ܺ, ݀) is called a cone metric space (CMS) 
 
EXAMPLE:Let = ℝଶ , 	ܲ = :(ݕ,ݔ)} ,ݔ ݕ ≥ 0}		ܺ = ℝand݀:ܺ × ܺ →   such that ܧ
 

,ݔ)݀ (ݕ = ݔ|) − ,ݔ|ߙ,|ݕ  (|ݕ
 
Where ߙ ≥ 0 is a constant.Then (ܺ, ݀) is a cone metric space. 
 
DEFINITION 1.3: Let  (ܺ,݀) be a CMS and {ݔ}ஹ be a sequence in X. Then {ݔ}ஹ converges to ݔ in X whenever 
for every ܿ ∈ with 0ܧ ≪ ܿ, there is a natural number ܰ ∈ ܰ such that ݀(ݔ (ݔ, ≪ ܿ for all ݊ ≥ ܰ. It is denoted by 
lim→ஶ ݔ = ݔor	ݔ →  .ݔ
 
DEFINITION 1.4: Let  (ܺ,݀) be a CMS and {ݔ}ஹ  be a sequence in X. Then {ݔ}ஹ  is a cauchy sequence 
whenever for every ܿ ∈ with 0ܧ ≪ ܿ, there is a natural number ܰ ∈ ℕ such that ݀(ݔ (ݔ, ≪ ܿ for all ݊,݉ ≥ ܰ. 
 
LEMMA 1.5: Let (ܺ, ݀) be a cone metric space, P is a normal cone with normal constant K. Let{ݔ} be a sequence in 
ܺ. If {ݔ} converges to ݔ and {ݔ} converges to ݕ, then ݔ =   .ݕ
 
That is the limit of {ݔ} is unique. 
 
DEFINITION 1.6: Let (ܺ, ݀) be a cone metric space, if every Cauchy sequence is convergent in X, then X is called a 
complete cone metric space. 
 
LEMMA 1.7: Let (ܺ, ݀) be a cone metric space, P be a normal cone with normal constant K. Let {ݔ} be a sequence in 
X. Then {ݔ} is a Cauchy sequence if and only if  ݀(ݔ (ݔ, → 0	, ݊,݉ → ∞.  

 
 

II. MAIN RESULT 

THEOREM 2.1: Let ),( dX be a complete cone metric space and P be a normal cone with constant K . Suppose the 

mapping XXT : satisfies the following conditions:   

(ݕܶ,ݔܶ)݀ ≤ ቆ
(ݔܶ,ݔ)݀(ݕܶ,ݕ)݀

ܬ
ቇ +  		ܫ

For all ݕ,ݔ ∈ ܺ,whereܬܫ = ܬ		&(ݕ,ݔ)݀(ݔܶ,ݔ)݀ = (ݔܶ,ݔ)݀ + (ݕܶ,ݕ)݀ + ݈, ܬ ≥ 1, ݈ ≥ 1. Then  

(i) T has unique fixed point inܺ. 
(ii) ܶݔᇱConverges to a fixed point, for allݔᇱ ∈ ܺ. 

Proof: (i) Let ݔ ∈ ܺ be arbitrary and choose a sequence {ݔ} such that ݔାଵ =  .ݔܶ
(ݔ,ାଵݔ)݀																					 = ݔܶ)݀  (ିଵݔܶ,
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																																												≤ ቆ
(ିଵݔܶ,ିଵݔ)݀ + ݔ)݀ (ିଵݔ,

ܬ
ቇ+  ܫ

																																												≤ ቆ
(ݔ,ିଵݔ)݀

ܬ
+

ܫ
ݔ)ቇ݀(ݔ,ିଵݔ)݀  (ିଵݔ,

 
Take  

ߣ																																							 = ቆ
(ݔ,ିଵݔ)݀

ܬ
+

ܫ
 ,ቇ(ݔ,ିଵݔ)݀

We have   
(ݔ,ାଵݔ)݀																							 ≤ ݔ)݀ߣ  (ିଵݔ,
																																														≤  (ିଶݔ,ିଵݔ)݀(ିଵߣߣ)
    
																																															⋮ 
																																														≤ ିଵߣߣ)  .(ݔ,ଵݔ)݀(ଵߣ…
 
Observe that (ߣ) is non increasing, with positive terms. So, ߣଵ … ߣ ≤ ଵߣଵandߣ → 0. 
It follows thatlim→ஶ ଶߣଵߣ ߣ… = 0. 
 
Thus, it is verified that, lim

→ஶ
(ݔ,ାଵݔ)݀ = 0. 

 
Now for all ݉, ݊ ∈ ℕ and ݉ > ݊ we have  
ݔ)݀																								 (ݔ, ≤ ݔ)݀ (ାଵݔ, + (ାଶݔ,ାଵݔ)݀ + ⋯+  (ݔ,ିଵݔ)݀

≤ ିଵߣߣ)] … (ଵߣ + ߣାଵߣ) (ଵߣ… +⋯+ ିଶߣିଵߣ)  (ݔ,ଵݔ)݀[(ଵߣ…

																																												=  ିଵߣߣ) (ݔ,ଵݔ)݀(ଵߣ…
ିଵ

ୀ

 

ݔ)⃦݀																				 ⃦			(ݔ, ≤ ⃦			ܭ  ିଵߣߣ) (ݔ,ଵݔ)݀(ଵߣ…
ିଵ

ୀ

	⃦	 

ݔ)݀	⃦																			 ⃦			(ݔ, ≤ ܭ  ିଵߣߣ) … (ଵߣ
ିଵ

ୀ

 ⃦			(ݔ,ଵݔ)݀	⃦		

ݔ)݀	⃦																			 ⃦			(ݔ, ≤ ܭ  ܽ

ିଵ

ୀ

 ,⃦		(ݔ,ଵݔ)⃦݀			

 
Where ܽ = ିଵߣߣ)  .ଵ) and K is normal constant of Pߣ…
Now lim→ஶ

ೖశభ
ೖ

< 1and∑ ܽஶ
ୀଵ  is finite, and∑ ିଵߣߣ) ଵ)ିଵߣ…

ୀ → 0, as ݉, ݊ → ∞. 
 
Hence {ܽ} is convergent by D’ Alembert’s ratio test, Therefore {ݔ} is a Cauchy sequence. There is ݔᇱ ∈ ܺ such that 
ݔ → ݊ ᇱasݔ → ∞. 
,ᇱݔܶ)݀																																				 (ᇱݔ ≤ (ݔܶ,ᇱݔܶ)݀ + ݔܶ)݀  (ᇱݔ,

																																																								≤ ቆ
ᇱݔ)݀ , ݔ)݀(ᇱݔܶ	 (ᇱݔ,

ܬ
+ ቇܫ + ݔܶ)݀  (ᇱݔ,

																																																								≤ ቆ
ᇱݔ)݀ , ݔ)݀(ᇱݔܶ	 (ᇱݔ,

ܬ
+

ܫ
ݔ)݀ (ᇱݔ,

ቇ݀(ݔ (ᇱݔ, +  (ᇱݔ,ାଵݔ)݀

ᇱݔܶ)݀ , (ᇱݔ ≤ 0as݊ → ∞ 
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Therefore		⃦	݀(ݔᇱ,ܶݔᇱ)			⃦ = 0. Thus,  ݔᇱ is a fixed point of T. 
 
UNIQUENESS 
Suppose ݔᇱ and ݕᇱare two fixed points of T. 

 
,ᇱݔ)݀ (ᇱݕ = ᇱݔܶ)݀  (ᇱݕܶ,

																	≤ ቆ
ᇱݔ)݀ , (ᇱݔܶ	

ܬ +
ܫ

,ᇱݔ)݀ (ᇱݕ
ቇ݀(ݔᇱ (ᇱݕ, 		≤ 0 

Therefore 		⃦	݀(ݔᇱ ⃦			(ᇱݕ, = 0. Thus ݔᇱ =  .ᇱ is an unique fixed point of Tݔ ᇱ.Henceݕ
 
(ii)Now 

݀(ܶݔᇱ,ݔᇱ) = ݀(ܶିଵ(ܶݔᇱ), (ᇱݔ = ݀(ܶିଵݔᇱ,ݔᇱ) = ݀(ܶିଶ(ܶݔᇱ), (ᇱݔ … = ,ᇱݔܶ)݀ (ᇱݔ = 0 
Hence ܶݔᇱ converges to a fixed point, for all ݔᇱ ∈ ܺ. 
 
COROLLARY 2.2:  Let (ܺ, ݀) be a complete cone metric space and P be a normal cone with normal constant K. 
suppose the mapping ܶ:ܺ → ܺ satisfies the following conditions: 

(ݕܶ,ݔܶ)݀ ≤ ቆ
(ݕܶ,ݕ)݀

ܬ +
ܫ

,ݔ)݀ (ݕ
ቇ݀(ݔ,  (ݕ

For allݔ, ݕ ∈ ܺ. Where	ܬܫ = ,ݔ)݀(ݔܶ,ݔ)݀ ܬ		&(ݕ = (ݔܶ,ݔ)݀ + (ݕܶ,ݕ)݀ + 1. Then  
(i) T has unique fixed point in X. 
(ii) ܶݔᇱConverges to a fixed point, for allݔᇱ ∈ ܺ. 

Proof: The proof of the corollary immediate by taking ݈ = 1 in the above theorem. 
 
THEOREM 2.3: Let (ܺ,݀) be a complete metric space and let T be a mapping from X into itself. Suppose that T 
satisfies the following condition: 

(ݕܶ,ݔܶ)݀ ≤ ቆ
(ݕ,ݔ)݀(ݕܶ,ݕ)݀

ܬ
ቇ 

For allݔ, ݕ ∈ ܺ, where	ܬ = (ݔܶ,ݔ)݀ + (ݕܶ,ݕ)݀ + ݈, ݈ ≥ 1. Then  
(i) T has unique fixed point in X. 
(ii) ܶݔᇱConverges to a fixed point, for allݔᇱ ∈ ܺ. 

Proof: (i) Let ݔᇱ ∈ ܺ be arbitrary and choose a sequence {ݔ} such thatݔାଵ =  .ݔܶ
We have 
(ݔ,ାଵݔ)݀ = ݔܶ)݀  (ିଵݔܶ,

																							≤ ቆ
(ିଵݔܶ,ିଵݔ)݀

ܬ
ቇ݀(ݔ  (ିଵݔ,

																							≤ ቆ
(ݔ,ିଵݔ)݀

ܬ
ቇ݀(ݔ  (ିଵݔ,

Take  

ߣ = ቆ
(ݔ,ିଵݔ)݀

ܬ
ቇ	, 

We have  
ݔ)݀ (ାଵݔ, ≤  (ݔ,ିଵݔ)݀ߣ
																							≤  (ିଶݔ,ିଵݔ)݀(ିଵߣߣ)
																								⋮ 
																							≤ ିଵߣߣ)  .(ݔ,ଵݔ)݀(ଵߣ…
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Observe that {ߣ} is non increasing, with positive terms. Soߣଵ ߣ… ≤ ଵߣ
andߣଵ

 	→ 0.  
It follows thatlim→ஶ(ߣଵߣଶ (ߣ… = 0. 
Thus, it is verified that lim

→ஶ
,ାଵݔ)݀ (ݔ = 0 

Now for all ݉, ݊ ∈ ℕ we have   
ݔ)݀					 (ݔ, ≤ ݔ)݀ (ାଵݔ, + (ାଶݔ,ାଵݔ)݀ +⋯+  (ݔ,ିଵݔ)݀
																								≤ ିଵߣߣ)] … (ଵߣ + ߣାଵߣ) (ଵߣ… +⋯+ ିଶߣିଵߣ)  (ݔ,ଵݔ)݀[(ଵߣ…

																								=  ିଵߣߣ) (ݔ,ଵݔ)݀(ଵߣ…
ିଵ

ୀ

 

ݔ)⃦݀		 ⃦		(ݔ, ≤ ܭ  ିଵߣߣ) (ଵߣ…
ିଵ

ୀ

 ⃦			(ݔ,ଵݔ)݀	⃦		

ݔ)⃦݀		 ⃦		(ݔ, ≤ ܭ  ܽ

ିଵ

ୀ

 ⃦		(ݔ,ଵݔ)⃦݀			

Where ܽ = ିଵߣߣ ଵand K is normal constant of P. Now lim→ஶߣ…
ೖశభ
ೖ

< 1and∑ ܽஶ
ୀଵ  is finite, 

and∑ ିଵߣߣ) … ଵ)ିଵߣ
ୀ → 0, as݉,݊ → ∞.  

Hence {ܽ} is convergent by D’ Alembert’s ratio test, Therefore {ݔ} is a Cauchy sequence. There is ݔᇱ ∈ ܺ such 
thatݔ →  .ᇱݔ
ᇱݔܶ)݀ , (ᇱݔ ≤ ᇱݔܶ)݀ (ݔܶ, + ݔܶ)݀  (ᇱݔ,

																					≤ ቆ
ݔ)݀ (ݔܶ,

ܬ
ቇ݀(ݔ (ᇱݔ, + ݔܶ)݀  (ᇱݔ,

																					≤ ቆ
ݔ)݀ (ାଵݔ,

ܬ
ቇ݀(ݔ,ݔᇱ) +  (ᇱݔ,ାଵݔ)݀

ᇱݔܶ)݀ , (ᇱݔ ≤ 0as݊ → ∞ 
Therefore		⃦	݀(ݔᇱ,ܶݔᇱ)			⃦ = 0. Thusܶݔᇱ =  .ᇱݔ
 
UNIQUENESS 
Suppose ݔᇱ and ݕᇱ are two fixed points of T. 
,ᇱݔ)݀ (ᇱݕ = ᇱݔܶ)݀  (ᇱݕܶ,

																	≤ ቆ
,ᇱݕ)݀ Tݕᇱ)݀(ݔᇱ, (ᇱݕ

ܬ
ቇ 	≤ 0 

Therefore		⃦	݀(ݔᇱ, ⃦			(ᇱݕ = 0. Thusݔᇱ =  .ᇱݕ
Hence ݔᇱ is an unique fixed point of T. 
(ii) Now 
݀(ܶݔᇱ,ݔᇱ) = ݀(ܶିଵ(ܶݔᇱ), (ᇱݔ = ݀(ܶିଵݔᇱ, (ᇱݔ = ݀(ܶିଶ(ܶݔᇱ), (ᇱݔ … = ᇱݔܶ)݀ (ᇱݔ, = 0 
Hence ܶݔᇱ converges to a fixed point, for allݔᇱ ∈ ܺ. 
 
COROLLARY 2.4: Let (ܺ,݀) be a complete metric space and let T be a mapping from X into itself. Suppose that T 
satisfies the following condition: 

(ݕܶ,ݔܶ)݀ ≤ ቆ
,ݔ)݀(ݕܶ,ݕ)݀ (ݕ

ܬ
ቇ 

For allݔ, ݕ ∈ ܺ, where		ܬ = (ݔܶ,ݔ)݀ + (ݕܶ,ݕ)݀ + ݈, ݈ ≥ 1. Then  
(i) T has unique fixed point in X. 
(ii) ܶݔᇱ Converges to a fixed point, for allݔᇱ ∈ ܺ. 

Proof:The proof of the corollary immediate by taking ݈ = 1 in the above theorem. 
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III. CONCLUSION 
 

We have proved some fixed point theorems of contraction functions  in complete cone metric spaces. The presented 
results generalization of some existing results. 
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